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Abstract: We compute the one-loop threshold corrections to the gauge and gravi-
tational couplings for a large class of N = 2 non-Ka¨hler heterotic compactifications
with three-form flux, consisting in principal two-torus bundles over K3 surfaces. We
obtain the results as sums of BPS-states contributions, depending on the topological
data of the bundle. We analyse also the worldsheet non-perturbative corrections
coming from instantons wrapping the torus fiber, that are mapped under S-duality
to D-instanton corrections in type I flux compactifications.
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1 Introduction
Supersymmetric heterotic compactifications constitute one of the main approaches to
particle physics phenomenology from sting theory. The conditions ensuring at least
N = 1 supersymmetry in spacetime, at order α′, are encoded in the Hull-Strominger
system, a set of BPS equations constraining the internal geometry [1, 2]. A well-
known class of solutions to this system consists of a Calabi-Yau 3-fold equipped with
a stable holomorphic vector bundle. This type of construction leads to GUT groups
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which can be smaller than E6, but also come with a collection of moduli which are
undesirable from a phenomenological point of view.
To tackle this moduli problem, one can consider non-Ka¨hler compactifications
with non-trivial fluxes for the Kalb-Ramond three-form field strength along the in-
ternal geometry. The high level of complexity of the Hull-Strominger system in this
general setting forbids a generic discussion of its solutions. One large family of flux
compactifications, originally obtained in [3] from string dualities, and often denoted
in the literature as Fu-Yau geometry, has however been studied quite extensively,
see e.g. [4–6]. The internal manifold consists of a principal two-torus bundle over
a warped K3 surface, equipped with the pullback of a stable holomorphic vector
bundle over the base. One may also possibly add an Abelian bundle over the total
space which reduces to Wilson lines in the more familiar K3 × T 2 setting, however
we will not consider them in this paper.
A subfamily of these non-Ka¨hler solutions, leading to N = 2 supersymmetry
in spacetime, has been shown to be amenable to a gauged linear sigma model de-
scription [7] on the heterotic string worldsheet. This approach allows in principle
to extract the massless spectrum using Landau-Ginzburg cohomological methods [8]
and was used to prove T-duality symmetries in these curved flux backgrounds [9].
Localization techniques were then used by two of the present authors to com-
pute the new supersymmetric index [10, 11], which is, in the context of heterotic
N = 2 compactifications, the building block that is used to compute the threshold
corrections to the BPS-saturated couplings in the low energy four-dimensional N = 2
supergravity action [12].
The goal of this paper is precisely to compute explicitely the threshold corrections
to the gravitational and gauge couplings of these compactifications with torsion,
thus extending the results already known for K3× T 2 compactifications or orbifolds
thereof [13–23] and results for local models of non-Ka¨hler compactifications [24]. The
threshold corrections are written naturally as the integral of some almost holomorphic
modular form over the fundamental domain of the worldsheet modular group.
This type of integral can be computed using the standard orbit method that
was developped for K3 × T 2 compactifications, which consists in unfolding the in-
tegration domain against the Narain lattice partition function [25]. This approach
is convenient for studying the D-instanton corrections in the type I S-duals (see
e.g. [26, 27]), however it hides the explicit covariance under the perturbative duality
group O(2, 2;Z) of the two-torus, that occurs also in the N = 2 compactifications
with torsion under study [9].
Another approach, developed recently in [28–30] , suggests to maintain the ex-
plicit covariance under T-duality by instead keeping the Narain partition function
intact, expanding the remaining weak almost holomorphic modular form in terms of
(absolutely convergent) Niebur-Poincare´ series, and finally unfolding the integration
domain against the latter. This approach not only has the advantage of keeping T-
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duality manifest and the analytic structure of the amplitude transparent, but rather
it is the best (if not the only) way to extract physical couplings for values of the
moduli close to the string scale, where the conventional expansion might fail to con-
verge. This is especially useful for the present class of models, given that the volume
of the two-torus fiber is generically frozen by the fluxes to a small value in string
units.
Following this approach, we obtain in this work compact and T-duality covariant
expressions for the threshold corrections, written in a chamber-independent form, i.e.
valid for any values of the moduli of the torus fiber. The results depend explicitely
on the topology of the principal two-torus bundle, i.e. on the choice of a pair of
anti-self-dual (1, 1) forms on the K3 base.
We will consider thereafter an alternative representation of the threshold correc-
tions in terms of a Fourier series expansion in the Ka¨hler modulus T of the torus
fiber [29], enlightening the origin of the various contributions, especially those cor-
responding to the worldsheet instantons wrapping the T 2. These corrections, that
would be, for Spin(32)/Z2 compactifications, S-dual to D1-instanton corrections in
type I compactifications with Ramond-Ramond fluxes, are particularly interesting.
Indeed, topologically, the two-torus is not a proper two-cycle of the total space of
the bundle, but only a torsion two-cycle. Nevertheless as we will find the instanton
corrections take the form of a infinite sum over the wrapping number.
Conventions: T and U denote respectively the complexified Ka¨hler and complex
structure moduli of the torus fiber. dν = dτ1dτ2/τ
2
2 denotes the Poincare´ measure
on the complex upper-helf plane H. θ(τ, z) is the odd Jacobi theta function. For
definiteness we consider the E8 × E8 ten-dimensional heterotic string theory unless
otherwise stated.
2 N = 2 heterotic threshold corrections and the new super-
symmetric index
We will be interested in a class of non-Ka¨hler heterotic compactifications to four-
dimensions, corresponding to a principal bundle T 2 →֒ M π→ S over a warped K3
surface S with three-form flux.
These compactifications preserve N = 2 supersymmetry in space-time hence
one can compute, as in the case of ordinary K3 × T 2 compactifications, the one-
loop corrections to the couplings of some two-derivative BPS-saturated terms in
the four-dimensional low energy effective supergravity action. We will focus on the
gravitational coupling and the gauge couplings associated with the different factors
of the spacetime gauge group left unbroken by the choice of gauge bundle.
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The one-loop running of the coupling constant associated with a simple factor
G of the space-time gauge group is expressed through the relation:
16π2
g2G(µ)
=
16π2
g2s
+ βG log
M2s
µ2
+∆G . (2.1)
The second term in the right-hand-side of eq. (2.1) corresponds to the contribution
from the massless multiplets, hence to the running one would compute in a field
theoretic setting. It is proportionnal to the gauge-theory beta-function βG. The last
term ∆G incorporates the contribution from the whole tower of massive fields, hence
describes the stringy part of the one-loop correction to gauge coupling.
A similar expression holds for the one-loop threshold correction to the gravita-
tional coupling as well:
16π2
g2grav(µ)
=
16π2
g2s
+ βgrav log
M2s
µ2
+∆grav . (2.2)
These threshold corrections have been studied in great details for K3× T 2 com-
pactifications, see the introduction for a partial list of relevant references. Extended
N = 2 supersymmetry in spacetime highly constrains these corrections; in particu-
lar, they only receive contribution from BPS states. It turns out that they all can
be expressed as the integral over the fundamental domain of the worldsheet torus
modular group of descendants of a quantity known as the new supersymmetric in-
dex [31]. This objet is independent of the moduli of the K3 surface, but depends on
the torus and Wilson line moduli of the compactification.
This new supersymmetric index is defined by the following trace in the Ramond
sector of the right-moving fermions:
Znew(τ, τ¯) =
1
η(τ)2
Trr
(
J¯ 0(−1)FrqL0−c/24q¯L¯0−c¯/24
)
. (2.3)
It was shown by Harvey and Moore [12] that this new supersymmetric index counts
the BPS multiplets in spacetime, since worldsheet supersymmetry dictates that :
− 1
2iη2
Znew(q, q¯) =
∑
BPS vectors
q∆q¯∆¯ −
∑
BPS hypers
q∆q¯∆¯ . (2.4)
For the N = 2 torsional compactifications of interest, the new supersymmetric index
was computed in [10], using a purposely designed gauged linear sigma model [7] and
supersymmetric localization of the path integral [32].
A main difference with the conventional K3× T 2 compactifications is that both
the complex structure and complexified Ka¨hler moduli of the two-torus fiber are now
generically quantized. However Abelian bundles over the total space, that would
reduce to Wilson lines in the K3× T 2 case, have moduli which are not quantized by
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the three-form flux; the new supersymmetric index as function of these moduli was
computed [11]. For simplicity we will assume that these extra moduli are turned off.
These compactifications are also characterized by the pullback of a holomorphic
vector bundle V over the K3 base. For definiteness, we will embed its structure
group in the first E8 factor of the E8 × E8 heterotic gauge group.
Then the new supersymmetric index Znew, which was computed in [10], is ex-
pressed in terms of a non-holomorphic dressed elliptic genus Zfy (τ, τ¯ , z) through
Znew(τ, τ¯ ) =
η¯2E4(τ)
2η10
1∑
γ,δ=0
qγ
2
{(
θ (τ, z)
η(τ)
)8−r
Zfy (τ, τ¯ , z)
}∣∣∣∣∣
z= γτ+δ
2
, (2.5)
where we have defined the non-holomorphic dressed elliptic genus as follows:
Zfy (τ, τ¯ , z) =
1
η¯(τ¯)2
Trrr,Hfy
(
e2iπzJ0J¯ 0(−1)F qL0−c/24q¯L¯0−c¯/24
)
, (2.6)
the trace being taken into the Hilbert space of the (0, 2) superconformal theory cor-
responding to the compactification. This dressed elliptic genus, which is holomorphic
in z but not in τ , transforms as a weak Jacobi form of weight 0 and index r/2, where
r is the rank of the holomorphic vector bundle V.
The same non-holomorphic dressed elliptic genus can be defined for K3 × T 2,
which corresponds to the particular case in which the torus fibration is trivial, hence
the dressed elliptic genus factorizes into the usual elliptic genus of K3 and the par-
tition function of the signature (2, 2) Narain lattice of the two-torus.
Before quoting the result, let us summarize the relevant geometrical data char-
acterizing the N = 2 compactifications of interest:
• A rank r holomorphic vector bundle V over the (wrapped) K3 base S, with
c1(V) = 0, whose pullback provides the gauge bundle of the compactification
on M. The structure group of V is embedded into the first E8 factor, the
second one being left unbroken.
• A rational Narain lattice Γ2,2(T, U), since the two-torus moduli T, U are quan-
tized as a result of the presence of three-form flux, i.e. T, U ∈ Q[√D] where D
is the discriminant of some positive-definite even quadratic form. This defines
a c = 2 toroidal rational conformal field theory [33, 34],
• A pair of anti-self-dual two-forms ω1 and ω2 in H2(S,Z)∩Λ1,1T ⋆S characterizing
the two-torus principal bundle.
This data is constrained by the Bianchi identity:
ch2(V)− T2
U2
ω ∧ ⋆Sω¯ = ch2(TS) , (2.7)
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which, upon integration over the base S, gives the tadpole condition:
n+
T2
U2
∫
S
ω ∧ ⋆Sω¯ = 24 . (2.8)
where:
n = −
∫
S
ch2(V) (2.9)
is the instanton number of the bundle V, which is any integer between 0 and 24.
We also define a two-dimensional vector of two-forms pω, built by embedding
(ω1, ω2) into the lattice of the two-torus fiber, and given in complex notation as:
pω :=
√
T2
U2
(ω1 + Uω2) . (2.10)
This vector belongs to a formal extension, over H2(S,Z), of the winding sub-lattice
of the Γ2,2(T, U) toroidal lattice.
The new supersymmetric index (2.3) was then computed in terms of this data
in [10, 11]. First, the dressed elliptic genus (2.6) can be written as a sum of three
terms in the following way:
Zfy =
1
η(τ)2η¯(τ¯ )2
∑
µ∈Γ⋆l/Γl
∑
pl∈Γl+µ
pr∈Γr+ϕ(µ)
q
1
2
〈pl,pl〉Γl q¯
1
2
〈pr,pr〉Γr×
×
{
n
24
(
θ(τ, z)
η(τ)
)r−2
ZK3ell (τ, z) +
θ(τ, z)r
12 η(τ)r+4
(n− 24)Eˆ2(τ)
− θ(τ, z)
r
2 η(τ)r+4
(∫
S
〈pl, pω〉2Γl −
n− 24
2πτ2
)}
. (2.11)
The definition of the various functions entering the above expression are summarized
in appendix A. The left and right momenta pl and pr belong to the even lattices Γl
and Γr
1 shifted by µ and ϕ(µ) respectively, where µ is an element of the discriminant
group Γ⋆l/Γl and ϕ : Γ
⋆
l/Γl → Γ⋆r/Γr is an isometry [34]. In the above expression,
〈·, ·〉Γ denotes the scalar product on the even lattice Γ. We define then
f(pl, ω) :=
∫
S
〈pl, pω〉2Γl −
n− 24
2πτ2
=
∫
S
(
〈pl, pω〉2Γl −
1
4πτ2
〈pω, pω〉Γl
)
. (2.12)
where we have used the tadpole condition (2.8).
1These lattices are defined as Γl = Γ2,2(T, U)∩R2,0 and Γl = Γ2,2(T, U)∩R0,2 and are both of
rank two because the corresponding c = 2 CFT is rational.
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Taking into account the remaining free fermions and performing the left GSO
projection, one obtains then for the new supersymmetric index:
Znew(τ, τ¯) =
E4(τ)
η(τ)12
∑
µ∈Γ⋆l /Γl
∑
pl∈Γl+µ
pr∈Γr+ϕ(µ)
q
1
2
〈pl,pl〉Γl q¯
1
2
〈pr,pr〉Γr×
× 1
2
1∑
γ,δ=0
qγ
2
{
n
24
(
θ(τ, z)
η(τ)
)6
ZK3ell (τ, z)+ (2.13)
+
θ(τ, z)8
12 η(τ)12
(n− 24)Eˆ2(τ)− θ(τ, z)
8
2 η(τ)12
f(pl, ω)
}∣∣∣∣
z= γτ+δ
2
. (2.14)
Notice that the modular behaviour of the third term with a momentum insertion is
ensured, since by construction the sum of the three terms is well-behaved and the
first two terms are also by themselves weak almost holomorphic modular forms of
weight −2.
Finally, in terms of standard weak almost holomorphic modular forms, the result
takes a relatively simple form:
Znew(τ, τ¯ ) =
∑
µ∈Γ⋆l/Γl
∑
pl∈Γl+µ
pr∈Γr+ϕ(µ)
q
1
2
〈pl,pl〉Γl q¯
1
2
〈pr,pr〉Γr ×
×
(
− n
12
E4E6
∆
+
n− 24
12
E24Eˆ2
∆
− f(pl, ω)
2
E24
∆
)
, (2.15)
which will allow us to use the techniques developed in [28–30], and reviewed briefly
in the next section, to perform the integration over the fundamental domain of the
worldsheet torus modular group leading to the various threshold corrections.
The formula (2.11) that we used as a starting point was derived in [11] from a
geometrical definition of the dressed elliptic genus, that coincides with the result ob-
tained directly from a gauged linear sigma model using supersymmetric localization
as we have proven there. We expect that this formula holds in full generality for all
N = 2 compactifications with torsion of the class discussed in this work, even for
those without an obvious GLSM realization.
This result contains as a special case the standard K3 × T 2 compactifications,
corresponding to the limiting case where the gauge instanton number n equals 24
and where the momentum insertion f(pl, ω) vanishes.
3 Niebur-Poincare´ Series
Integrals of the type ∫
F
dν Φ(τ)Λ2,2(T, U ; τ) (3.1)
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are quite common in string theory, since they compute the one-loop correction to
couplings in the low-energy effective action. Here dν = dτ1dτ2 τ
−2
2 is the SL(2,Z)
invariant measure, while F = H/SL(2,Z) is the fundamental domain of the modular
group, H being the Poincare´ upper complex plane. Λ2,2(T, U ; τ) is the partition func-
tion associated to the (2, 2) dimensional Narain lattice, depending on the Ka¨hler and
complex structure moduli of the compactification torus as well as on the Teichmu¨ller
parameter τ of the worldsheet torus, while Φ(τ) is a, a priori, generic function in-
variant under the action of the modular group, whose explicit expression depends
on the kind of coupling we are interested in. For those of interest in this paper, the
automorphic function is weak quasi holomorphic modular function, in the sense that
it has zero weight, it is holomorphic in the τ variable, aside from possible explicit τ2
dependence via the Eisenstein series Eˆ2, and has a simple pole at the cusp τ = i∞.
Holomorphy is a consequence of the fact that the couplings we are interested in
receive contributions only from BPS states.
While the traditional way of computing the integral (3.1) relies on the SL(2,Z)
orbit decomposition of the Narain partition function, in [28–30] a new method has
been proposed whereby the fundamental domain is unfolded against the automorphic
function Φ itself. This way of proceeding has the clear advantage of keeping manifest
the perturbative T-duality symmetries at all steps, and expresses the final result as a
sum over BPS states. Moreover, singularities associated to states becoming massless
at special points in the Narain moduli space are easily revealed in this representation.
In order to implement this strategy, it is essential that Φ be represented as
an absolutely convergent Poincare´ series, so that the unfolding of the fundamental
domain is justified. This is actually the case, since any weak quasi-holomorphic
modular form can be uniquely decomposed in terms of so-called Niebur-Poincare´
series F(s, κ, w), where w is the modular weight, κ determines the growth of the
function at the cusp, while s is a generic complex parameter. The Poincare´ series
representation of F(s, κ, w) is
F(s, κ, w) = 1
2
∑
(c,d)=1
(cτ+d)−wMs,w
(
− κτ2|cτ + d|2
)
exp
{
−2iπκ
(
a
c
− cτ1 + d
c|cτ + d|2
)}
,
(3.2)
in terms of the Whittaker M-function, Ms,w(y) = |4πy|−w/2Mw
2
sgn(y),s− 1
2
(4π|y|).
We refer the interested reader to [28–30] for a general discussion of Niebur-
Poincare´ series. In the following we shall only remind that for negative weight, the
choice s = 1 − w
2
+ n is rather special, since the Niebur-Poincare´ series are quasi
holomorphic and absolutely convergent. As a result,
Φ(τ) =
∑
n,ℓ
dℓ(n)F(1− w
2
+ n, ℓ, w) , (3.3)
where the coefficients dℓ(n) are uniquely determined by matching the principal parts
of the q-Laurent expansion of the two sides of the equation. In eqs. (4.3), (4.15)
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and (4.25) we list the decomposition of interest for us, while we refer to [29, 30] for
more general cases.
Since any weak quasi holomorphic modular form can be decomposed in terms of
Niebur-Poincare´ series, for the purpose of computing modular integrals it suffices to
consider the basic integral
I(s) = R.N.
∫
F
dν F(s, 1, 0)Λ2,2(T, U ; τ) . (3.4)
Here we have selected κ = 1, the only case of interest in string theory. The symbol
R.N. (that we shall omit in the following, assuming that all integrals are properly
renormalised) implies that the integral has been properly renormalised in order to
cope with the infrared (logarithmic) divergences ascribed to massless states running
in the loop. Our modular invariant prescription amounts at cutting-off the funda-
mental domain at large τ2 > T , thus removing the singular behaviour of light states
in the T → ∞ limit [28–30].
Upon unfolding the fundamental domain against F(s, 1, 0) one gets [29]
I(s) =
∑
BPS
∫ ∞
0
dτ2
τ2
Ms,0(−τ2) e−πτ2(p2L+p2R)/2 (3.5)
where the sum is restricted only to the BPS states satisfying p2
l
−p2
r
= 2. The integral
can be straightforwardly evaluated to yield [29]
Iα(s, w) =
∫
F
dν τα2
∑
pl,pr
q
1
2
p2l q¯
1
2
p2r F(s, κ, w)
=
∑
pl,pr
δ
(
p2l − p2r − 2κ
)
(4πκ)1−α
(
p2
l
2κ
)− |w|
2
−α−s+1
Γ
(
α +
|w|
2
+ s− 1
)
× 2F1
(
α+
|w|
2
+ s− 1, s− |w|
2
; 2s;
2κ
p2
l
)
,
(3.6)
with p2
l
:= 〈pl, pl〉Γl and p2r := 〈pr, pr〉Γr, and where we have allowed for a non-
trivial weight of the Niebur-Poincare´ series to compensate for Wilson lines and/or
for momentum insertions in the Narain partition function [29]. As we shall see in the
next section, this representation of the modular integral clearly spells out possible
IR divergences ascribed to new states becoming massless at points of symmetry
enhancement.
The integral (3.5) can actually be given an alternative representation whenever
the BPS constraint is solved before the τ2 integral is evaluated. The resulting repre-
sentation defines a Fourier series expansion in the T1 variable, which is only valid in
special regions of moduli space (corresponding to large volume) [30]. For the case of
momentum insertions we need to slightly generalise the construction of [30], and we
shall present the new results in section 5.
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4 Threshold corrections
We are now ready to compute the one-loop threshold corrections to the gauge and
gravitational coupling for N = 2 heterotic compactifications with torsion, starting
from (2.15) and using the techniques that were summarized in section 3. Note that
the actual models we are considering only exist at special points of the Narain moduli
space compatible with the three-form flux. Nevertheless, we shall try to keep the
moduli arbitrary and treat them as continuous variables, so that the expressions can
be conveniently adapted to any special realization.2
4.1 Gravitational threshold corrections
In order to compute the threshold correction to the gravitational coupling, one has
to compute the following modular integral:
Λgrav = βgrav log
M2s
µ2
+∆grav =
1
24
∫
F
dν
{
τ2Eˆ2(τ)Znew(τ, τ¯)
}
. (4.1)
Using eq. (2.15), one thus has to compute:
24Λgrav =
∑
µ,pl,pr
∫
F
dν τ2 q
1
2
〈pl,pl〉Γl q¯
1
2
〈pr,pr〉Γr×
×
{
− n
12
Eˆ2E4E6
∆
+
n− 24
12
Eˆ22E
2
4
∆
− f(pl, ω)
2
Eˆ2E
2
4
∆
}
. (4.2)
where here and in the following, the momentum sum
∑
µ,pl,pr
is a compact notation
for
∑
µ∈Γ⋆l/Γl
∑
pl∈Γl+µ
∑
pr∈Γr+ϕ(µ)
.
Following [29] we rewrite the weak almost holomorphic modular forms entering
in the integrands above in terms of Niebur-Poincare´ series F(s, κ, w). One has the
following decompositions:
Eˆ2E4E6
∆
= F(2, 1, 0)− 5F(1, 1, 0)− 144 ,
Eˆ22E
2
4
∆
= 1
5
F(3, 1, 0)− 4F(2, 1, 0) + 13F(1, 1, 0) + 144 ,
Eˆ2E
2
4
∆
= 1
40
F(3, 1,−2)− 1
3
F(2, 1,−2) .
(4.3)
2In particular, when ω1 and ω2 in (2.10) are proportional to each other, only one complex torus
modulus is stabilized by the flux and the other one remains.
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Regularizing the IR divergence and performing the modular integral by unfolding
the integration domain against the Niebur-Poincare´ series, one obtains
Λgrav =
∑
BPS
{
− m(pl)
48
(
3 2F1 (2, 4, 6, t
−1)
20t4
− 2 2F1 (1, 3, 4, t
−1)
3t3
)
− n
12× 24
(
2F1 (2, 2, 4, t
−1)
t2
− 5 2F1 (1, 1, 2, t
−1)
t
)
+
n− 24
24
(
2F1 (2, 3, 6, t
−1)
20t3
− 2F1 (1, 2, 4, t
−1)
3t2
)
+
n− 24
12× 24
(
2 2F1 (3, 3, 6, t
−1)
5t3
− 4 2F1 (2, 2, 4, t
−1)
t2
+
13 2F1 (1, 1, 2, t
−1)
t
)}
+ (n− 12)Idkl , (4.4)
where t := p2
l
/2, m(pl, ω) :=
∫
S
〈pl, pω〉2Γl and
Idkl :=
∫
F
dν τ2
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2r = −log (4πe−γT2U2 |η(T )η(U)|4) (4.5)
is the Dixon-Kaplunovsky-Louis integral, where γ is the Euler-Mascheroni constant.
As already explained, in the above expression,
∑
BPS is a shorthand for
∑
pl,pr
δ(p2l−
p2
r
− 2), in other words the sum over perturbative half-BPS states.
Fortunately, this complicated expression simplifies considerably in the cases of
interest here, and one ends up with standard polynomial and logarithmic functions of
the last argument, cf. appendix A. One ends up with the following simple expression
for the gravitational threshold corrections:
Λgrav =
∑
BPS
{
1 +
n− 24
24
3
2t
+
(
t− 11
12
)
log
(
t− 1
t
)
+
+
m(pl, ω)
24
[
6− 3
4t2
− 5
2t
+ 6
(
t− 11
12
)
log
(
t− 1
t
)]}
+ (n− 12) Idkl . (4.6)
This expression is clearly independent of the choice of chamber in the Narain moduli
space.
Setting n = 24 and m(pl, ω) = 0 to make the torus fibration trivial, one obtains
the result for K3× T 2 compactifications:
Λgrav =
∑
BPS
{
1 +
(
t− 11
12
)
log
(
t− 1
t
)}
+ 12 Idkl . (4.7)
Note that these expressions are potentially divergent if t = 1, i.e. at point of sym-
metry enhancement where p2L = 2. The presence or not of these divergences clearly
depends of the actual values of the Ka¨hler and complex structure moduli.
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Finally from eq. (4.6) we can extract the value of gravitational β-function, which
is the coefficient of the trace anomaly [35]:
βgrav = n− 12 . (4.8)
This coefficient is related to the relative number of hypermultiplets and vector mul-
tiplets. Comparing eq. (4.7) with known results from K3 × T 2 [36], we get the
normalisation:
βgrav =
24 + nh − nv
22
. (4.9)
Hence nh − nv, i.e. the difference between the number of massless hypermultiplets
and vector multiplets (including S, containing the dilaton, and the graviphoton),
depends on the instanton number n of the vector bundle V, hence indirectly on the
data of the principal two-torus bundle through the integrated Bianchi identity (2.8).
4.2 Gauge threshold corrections
The expression (2.15) for the new supersymmetric index is independent of the rank
of the gauge bundle. In order to compute explicitely the correction to the gauge
couplings one has to choose a particular sub-class of bundles; we will consider below
the case of a bundle of structure group SU(2), embedded into one of the two E8
factors of the gauge group, with arbitary instanton number 0 6 n 6 24. It will allow
to compare easily with classical results for K3 × T 2 with the standard embedding
of the spin connection into the gauge connection, and vanishing Wilson lines, i.e.
models with a rank one bundle and n = 24.
4.2.1 Corrections to the E8 coupling
Let us start with the one-loop correction to the gauge coupling corresponding to the
unbroken E8 factor of the spacetime gauge group. The threshold correction is given
by:
ΛE8 = βE8 log
M2s
µ2
+∆E8 =
∫
F
dν ZE8(τ, τ¯) , (4.10)
where ZE8(τ, τ¯) corresponds to the new supersymmetric index with an extra insertion
of
(
Q2E8 − 18πτ2
)
in the trace:
ZE8(τ, τ¯ ) =
τ2
η(τ)2
Trr
{(
Q2E8 −
1
8πτ2
)
J¯ 0(−1)FrqL0−c/24q¯L¯0−c¯/24
}
(4.11)
Let us define D˜w := (−4w)−1Dw, where Dw is the modular covariant derivative
as defined in appendix A. The insertion
(
Q2E8 − 18πτ2
)
corresponds then to acting in
Znew on the character of the affine E8 algebra, namely E4(τ) with the operator D˜4.
Using the fact that:
D4E4 =
2
3
(
E6 − Eˆ2E4
)
, (4.12)
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One obtains:
ZE8 =
Eˆ2E4 − E6
24∆
τ2
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2r
{
− n
12
E6 +
n− 24
12
Eˆ2E4 − f(pl, ω)
2
E4
}
,
(4.13)
i.e.:
ZE8 =
1
24∆
τ2
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2r×
{
−n− 12
6
Eˆ2E4E6 +
n
12
E26 +
n− 24
12
Eˆ22E
2
4 −
f(pl, ω)
2
(Eˆ2E
2
4 −E4E6)
}
.
(4.14)
In addition to eq. (4.3), one has the following decompositions into Niebur-Poincare´
series:
E26
∆
= F(1, 1, 0)− 1008 ,
E4E6
∆
= 1
6
F(2, 1,−2) .
(4.15)
One then performs the modular integral to get:
ΛE8 =
∑
BPS
{
− m(pl)
48
(
3 2F1 (2, 4, 6, t
−1)
20t4
− 2F1 (1, 3, 4, t
−1)
t3
)
− n− 12
6× 24
(
2F1 (2, 2, 4, t
−1)
t2
− 5 2F1 (1, 1, 2, t
−1)
t
)
+
n− 24
24
(
2F1 (2, 3, 6, t
−1)
20t3
− 2F1 (1, 2, 4, t
−1)
2t2
)
+
n 2F1 (1, 1, 2, t
−1)
12t
+
n− 24
12× 24
(
2 2F1 (3, 3, 6, t
−1)
5t3
− 4 2F1 (2, 2, 4, t
−1)
t2
+
13 2F1 (1, 1, 2, t
−1)
t
)}
− 2(n+ 12) Idkl . (4.16)
Once again, for such integer values of the arguments, the hypergeometric functions
simplify dramatically, cf. eq. (A.11), and one ends up with the following simple
expression:
ΛE8 =
∑
BPS
{
1 +
n− 24
12t
+ (t− 1) log
(
t− 1
t
)
+
+
m(pl, ω)
4
[
1− 1
6t2
− 1
2t
+ (t− 1) log
(
t− 1
t
)]}
− 2(n+ 12) Idkl . (4.17)
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From this expression we can read off immediately the expression of the β-function:
βE8 = −2(n+ 12) . (4.18)
Setting n = 24 and m(pl, ω) = 0, one obtains:
ΛE8 =
∑
BPS
{
1 + (t− 1) log
(
t− 1
t
)}
− 72 Idkl , (4.19)
which coincides with the already known result for K3× T 2 [29].
4.2.2 Corrections to the E7 coupling
For definiteness, and as stated in the introduction of this section, we focus on the
case in which the vector bundle over the compact manifold has an SU(2) structure
group, such that the unbroken gauge group in spacetime contains a E7 factor.
As before, computing the threshold correction corresponds to performing the
modular integral of a descendant of the new supersymmetric index, i.e. with a(
Q2E7 − 18πτ2
)
insertion in the trace:
ΛE7 = βE7 log
M2s
µ2
+∆E7 =
∫
F
dν ZE7(τ, τ¯) , (4.20)
with:
ZE7(τ, τ¯ ) =
τ2
η(τ)2
Trr
{(
Q2E7 −
1
8πτ2
)
J¯ 0(−1)FrqL0−c/24q¯L¯0−c¯/24
}
(4.21)
In functional picture, the extra operator insertion acts as D˜w on every E4(τ) and
E6(τ) factor in the new supersymmetric index but not on the E4(τ) corresponding
to the unbroken E8 factor of the gauge group, which was treated in the previous
section. One has the following identities, due to Ramanujan:
D4E4 =
2
3
(
E6 − Eˆ2E4
)
, (4.22a)
D6E6 = E
2
4 − Eˆ2E6 . (4.22b)
One thus obtains:
ZE7 =
τ2
24∆
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2r× (4.23)
{
−n− 12
6
Eˆ2E4E6 +
n
12
E34 +
n− 24
12
Eˆ22E
2
4 −
f(pl, ω)
2
(Eˆ2E
2
4 −E4E6)
}
.
(4.24)
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In addition to eqs. (4.3) and (4.15) one has the following decomposition into Niebur-
Poincare´ series:
E34
∆
= F(1, 1, 0) + 720 . (4.25)
It gives:
ΛE7 =
∑
BPS
{
− m(pl)
48
(
3 2F1 (2, 4, 6, t
−1)
20t4
− 2F1 (1, 3, 4, t
−1)
t3
)
+
n
12× 24
2F1 (1, 1, 2, t
−1)
t
+
n− 24
24
(
2F1 (2, 3, 6, t
−1)
20t3
− 2F1 (1, 2, 4, t
−1)
2t2
)
+
n− 24
12× 24
(
2 2F1 (3, 3, 6, t
−1)
5t3
− 4 2F1 (2, 2, 4, t
−1)
t2
+
13 2F1 (1, 1, 2, t
−1)
t
)}
+ 4(n− 6)Idkl . (4.26)
Once again, for such integer values of the arguments, the hypergeometric functions
simplify dramatically, cf. eq. (A.11), and one ends up with the following simple
expression:
ΛE7 =
∑
BPS
{
1 +
n− 24
12t
+ (t− 1) log
(
t− 1
t
)
+
m(pl, ω)
4
[
1− 1
6t2
− 1
2t
+ (t− 1) log
(
t− 1
t
)]}
+ 4(n− 6) Idkl . (4.27)
We can once again read directly the β-function:
βE7 = 4(n− 6) . (4.28)
Setting n = 24 and m(pl, ω) = 0, one obtains:
ΛE7 =
∑
BPS
{
1 + (t− 1) log
(
t− 1
t
)}
+ 72 Idkl , (4.29)
corresponding indeed to the already known result for K3× T 2.
4.2.3 Universality property of the gauge threshold corrections
The presence of N = 2 supersymmetry in spacetime hints towards some universality
properties of the thresholds, as in the K3×T 2 case. The difference of the two gauge
thresholds indeed turns out to be universal. Using the fact that:
E34 − E26 = 1728∆ , (4.30)
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one obtains for the difference of the two integrands:
ZE8 − ZE7 = −6n τ2
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2r (4.31)
leading to an integer multiple of the Dixon-Kaplunovsky-Louis integral for the thresh-
olds:
ΛE8 − ΛE7 = (βE8 − βE7) Idkl = −6n Idkl . (4.32)
Setting n = 24, one recovers the well-known result:
ΛE8 − ΛE7 = −144 Idkl . (4.33)
5 Fourier series and worldsheet instanton corrections
The results obtained in the previous section encapsulate in a compact and O(2, 2;Z)
invariant way the threshold corrections to the gauge and gravitational couplings.
It is useful to present the result in a different way, which allows one to isolate the
contributions from worldsheet instantons, using a Fourier series expansion [30].
The role of worldsheet instantons is particularly interesting to investigate in these
N = 2 torsional compactifications, whose topology corresponds to the total space
of the principal bundle T 2 →֒ M π→ S. The relevant instantons in this context are
holomorphic maps from the worldsheet two-torus to the target-space T 2.
In the present context neither the K3 base nor the T 2 fiber are cycles of the total
space M of the principal bundle; in particular the two-torus is only a torsion two-
cycle. One may wonder therefore whether an infinite tower of instanton corrections
appears in the result; as we will see below, it turns out to be the case.
Starting from Spin(32)/Z2 ten-dimensional heterotic strings, our results lead
to interesting insights on non-perturbative corrections to Type I compactifications
with Ramond-Ramond flux. Under heterotic/type I S-duality, the one-loop heterotic
computations capture both perturbative and non-pertubative corrections on the type
I side, in particular the contribution of Euclidean D1-brane worldsheets wrapping the
two-torus [27, 37]. This is a quite interesting result, as D-instantons corrections in
the presence of RR fluxes have not been investigated in detail to our knowledge.
5.1 The Fourier series expansion
Let us now focus on an alternative representation in terms of a Fourier series expan-
sion of the integral:
Ig(s) :=
∫
F
dν τ2
∑
µ,pl,pr
g(pl
√
τ2) q
1
2
p2l q¯
1
2
p2r F(s, 1, w) , (5.1)
with some momentum insertion g(pl
√
τ2), which in our case will correspond to
f(pl, ω).
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In order to obtain this alternative Fourier series representation, one first performs
the τ1 integral which imposes the BPS constaint on the momenta, then solves the
constraint and performs a suitable Poisson resummation.
Explicitly, one expands the Niebur-Poincare´ series in terms of the Whittaker
M-function, which is then itself expressed in terms of the confluent hypergeometric
function 1F1,
Ms,w(−t) = (4πt)−w/2M−w/2,s−1/2(4πt)
= (4πt)s−w/2 e−2πt 1F1(s+ w/2; 2s; 4πt) .
(5.2)
The hypergeometric function 1F1 satisfies:
1F1(a; 2a+n; y) = Γ (a− 12)
(y
4
) 1
2
−a
ey/2
n∑
ℓ=0
(−n)ℓ (2a− 1)ℓ
(2a+ n)ℓ ℓ!
(a+ ℓ− 1
2
) Ia+ℓ− 1
2
(y/2) .
(5.3)
In these expressions (x)ℓ = Γ (x+ℓ)/Γ (x) = x(x+1) . . . (x+l−1) is the Pochhammer
symbol or rising factorial. It satisfies, (−x)ℓ = (−1)ℓ(x− ℓ+ 1)ℓ.
This strategy can be applied first to compute the Fourier series expansion in
absence of momentum insertion:
I(s) :=
∫
F
dν F(s, 1, 0)Λ2,2(T, U) , (5.4)
where:
Λ2,2(T, U) := τ2
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2r (5.5)
is the modular invariant partition function of the signature (2, 2) Narain lattice. It
is evaluated at some particular points in moduli space specified by the quantization
condition T, U ∈ Q[√D], although the computation below, by itself, could be done
for any T and U as nowhere we make use of these conditions.
The Fourier expansion of eq. (5.4) was computed in [30]. The result splits into
zero, negative and positive frequency parts:
I(s) = I(−)(s) + I(0)(s) + I(+)(s) , (5.6)
with:
I(0)(s) = 24s−3
√
4πΓ
(
s− 1
2
) ∑
(n1,n2)=1
(T2U˜2)
s
(
T2 + U˜2 + |T2 − U˜2|
)1−2s
,
I(+)(s) = 1
2
∑
M>0
∑
γ∈Γ∞\ΓU
e2iπM(T1−U˜1)
M
Ms,0
(
M
2
(
T2 + U˜2 − |T2 − U˜2|
))
×
×Ws,0
(
M
2
(
T2 + U˜2 + |T2 − U˜2|
))
,
(5.7)
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the negative frequency part being obtained by complex conjugation.
Using the relations between the Whittaker functions Mk,m, Wk,m and the modi-
fied Bessel functions of the first and second kind [29]:
Ms,0(±y) = 22s−1Γ
(
s+
1
2
)√
4π|y| Is− 1
2
(2π|y|) ,
Ws,0(±y) = 2
√
|y|Ks− 1
2
(2π|y|) ,
(5.8)
and focusing on the fundamental chamber T2 > U˜2 for definiteness, one can
rewrite the positive frequency part in the following way:
I(+)(s) = 22s+1√π Γ
(
s+
1
2
)
×
×
∑
M>0
∑
γ∈Γ∞\Γ
√
T2U˜2 e
2iπM(T1−U˜1)Is− 1
2
(2πMU˜2)Ks− 1
2
(2πMT2) ,
(5.9)
where one recognizes the sum over comprime integers n1, n2 as a sum over cosets
in the quotient of the modular group Γ = SL2(Z)U by the stabilizer of the cusp
at infinity Γ∞. Notice the presence of a factor of 2 since the pairs (n
1, n2) and
(−n1,−n2) correspond to the same coset γ.
We now want to compute the Fourier series expansion of an integral of the same
type but with the extra f(pl, ω) weight 2 momentum insertion, namely:
If (s) :=
∫
F
dν F(s, 1,−2) τ2
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2rf(pl, ω) , (5.10)
with:
f(pl, ω) =
∫
S
〈pl, pω〉2Γl −
n− 24
2πτ2
. (5.11)
Upon unfolding the fundamental domain F against the Niebur-Poincare´ series
F(s, 1,−2) one gets:
If(s) =
∫ ∞
0
dτ2
τ 22
∫ 1/2
−1/2
dτ1Ms,−2(τ2)e−2πiτ1
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2rf(pl, ω)
=
∑
bps
∫ ∞
0
dτ2
τ2
Ms,−2(τ2)f(pl, ω) e−πτ2(|pl|2+|pr|2)/2 . (5.12)
The τ1 integration variable acts as a Lagrange multiplier to restrict the lattice sum
to the contributions m1n
1 +m2n
2 = 1, where we have expanded the momenta in a
complex basis:
pL =
1√
U2T2
(
m2 − Um1 + T¯ (n1 + Un2)
)
(5.13a)
pR =
1√
U2T2
(
m2 − Um1 + T (n1 + Un2)
)
(5.13b)
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As explained above, first one has to solve the BPS constraint m1n
1 +m2n
2 = 1.
In general, for any pair of co-prime integers (n1, n2), Be´zout’s lemma ensures that
one can find another pair of co-primes (m˜1, m˜2) such that m˜1n
1 + m˜2n
2 = 1. The
solutions of the BPS constraints are then of the form:
m1 = m˜1 + M˜n
2 ,
m2 = m˜2 − M˜n1 ,
(5.14)
with M˜ ∈ Z. Upon inserting this expression into the integrand one notices that the
complex structure U and the charges defining pω always appear in the combination
U˜ = γ · U so that the sum over (n1, n2) reduces to a sum over images with respect
to SL(2;Z)U . At this point one has to Poisson resum over the variable M˜ to obtain
the desired Fourier series expansion in T . Notice that the momenta are at most
linear in M˜ which imply that both the argument in the exponential and the f(pl, ω)
insertion in eq. (5.12) are polynomials of second degree in M˜ . One gets the following
schematic expression for this integral eq. (5.10):
If (s) = 2
∑
M∈Z
∑
γ∈Γ∞\Γ
√
T2U˜2e
2iπM(T1−U˜1)×
×
∫ ∞
0
dτ2
τ
3/2
2
Ms,−2(−τ2)
(
α
τ 22
+
β
τ2
+ δ
)
exp
(
−A
τ2
− Bτ2
)
.
(5.15)
The precise expression of the various coefficients in the above schematic expression
is determined in appendix B. We recall that
Ms,−2(y) = 4πyM1,s−1/2(4πy)
= (4πy)s+1 e−2πy 1F1(s− 1; 2(s− 1) + 2; 4πy) ,
(5.16)
that, together with eq. (5.3) yields:
Ms,−2(y) = 22s−3 Γ (s− 32) (4πy)5/2
2∑
ℓ=0
(−1)ℓ (3− ℓ)ℓ (2s− 3)ℓ
(2s)ℓ ℓ!
(s+ℓ− 3
2
) Is+ℓ− 3
2
(2πy) .
(5.17)
Plugging this expression into the integral in eq. (5.15) yields:
42s π5/2 Γ (s− 3
2
)
2∑
ℓ=0
(−1)ℓ (3− ℓ)ℓ (2s− 3)ℓ
(2s)ℓ ℓ!
(s+ ℓ− 3
2
)×
×
∫ ∞
0
dt
(α
t
+ β + δt
)
Is+ℓ− 3
2
(2πt) e−A/t−Bt . (5.18)
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The relevant values of the coefficients A,B, α, β and δ computed in appendix B
are the following:
A = πM2T2U˜2 , (5.19a)
B = π
(
T2
U˜2
+
U˜2
T2
)
, (5.19b)
α = −T 22M2N˜ i(1)dijN˜ j(1) , (5.19c)
β = 2iT2M
T2 + U˜2
U˜2
N˜ i(1)dijN˜
j
(2) −
T2
2πU˜2
N˜ i(2)dijN˜
j
(2) , (5.19d)
δ =
(
T2 + U˜2
U˜2
)2
N˜ i(2)dijN˜
j
(2) , (5.19e)
where N˜(1) := Re(N˜) and N˜(2) := Im (N˜).
One then plugs eq. (5.18) into eq. (5.15), and splits the later into its zero, positive
and negative frequency parts:
If(s) = I(−)f (s) + I(0)f (s) + I(+)f (s) . (5.20)
Zero-frequency mode
One has explicitely for the zero mode part of the Fourier expansion:
I(0)f (s) = 2
∑
γ∈Γ∞\Γ
√
T2U˜2
∫ ∞
0
dt
t3/2
Ms,−2(−t)
(
β(0)
t
+ δ
)
exp (−Bt) , (5.21)
which we can rewrite, using the results above, as:
I(0)f (s) = 24s+1 π5/2 Γ (s− 32)
∑
γ∈Γ∞\Γ
√
T2U˜2
2∑
ℓ=0
(−1)ℓ (3− ℓ)ℓ (2s− 3)ℓ
(2s)ℓ ℓ!
(s+ ℓ− 3
2
)×
×
(
−β(0) ∂
∂B
+ δ
∂2
∂B2
)∫ ∞
0
dt
t
Is+ℓ− 3
2
(2πt) e−Bt .
(5.22)
One can obtain a very explicit expression in the form:
I(0)f (s) = 24s+1 π5/2 Γ (s− 32)
∑
γ∈Γ∞\Γ
√
T2U˜2
2∑
ℓ=0
(−1)ℓ (3− ℓ)ℓ (2s− 3)ℓ
(2s)ℓ ℓ!
(s+ ℓ− 3
2
)×
×
(
β(0)F
(0)
1,s+l− 3
2
(B, 2π) + δF
(0)
2,s+l− 3
2
(B, 2π)
)
,
(5.23)
where the functions F
(0)
n,ν are defined and computed in appendix C.
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Positive frequency modes
Let us now consider the positive frequency part, the negative part being obtained
from it by complex conjugation. The contribution of positive modes reads:
I(+)f (s) = 2
∑
M>0
∑
γ∈Γ∞\Γ
√
T2U˜2e
2iπM(T1−U˜1)×
×
∫ ∞
0
dτ2
τ
3/2
2
Ms,−2(−τ2)
(
α
τ 22
+
β
τ2
+ δ
)
exp
(
−A
τ2
− Bτ2
)
.
(5.24)
One can again rewrite it as:
I(+)f (s) = 24s+1 π5/2 Γ (s− 32)
∑
M>0
∑
γ∈Γ∞\Γ
√
T2U˜2
2∑
ℓ=0
(−1)ℓ (3− ℓ)ℓ (2s− 3)ℓ
(2s)ℓ ℓ!
×
× (s+ ℓ− 3
2
)
(
α− β ∂
∂B
+ δ
∂2
∂B2
)∫ ∞
0
dt
t
Is+ℓ− 3
2
(2πt) e−A/t−Bt ,
(5.25)
leading to the expression:
I(+)f (s) = 24s+1 π5/2 Γ (s− 32)
∑
M>0
∑
γ∈Γ∞\Γ
√
T2U˜2
2∑
ℓ=0
(−1)ℓ (3− ℓ)ℓ (2s− 3)ℓ
(2s)ℓ ℓ!
×
× (s+ ℓ− 3
2
)
(
αF0,s+l− 3
2
(A,B, 2π) + βF1,s+l− 3
2
(A,B, 2π) + δF2,s+l− 3
2
(A,B, 2π)
)
,
(5.26)
where the functions Fn(A,B,C) are defined in appendix C, and depend on the co-
effients A,B and C mainly through u± =
√
A(
√
B + C ±√B − C).
Putting all pieces together, one has the following compact expressions for the
Fourier expansion of the three threshold corrections:
Gravitational threshold corrections:
24Λgrav =− n
12
(I(2)− 5I(1)− 144 Idkl)
+
n− 24
12
(
1
5
I(3)− 4I(2) + 13I(1) + 144 Idkl
)
− 1
2
(
1
40
If (3)− 1
3
If (2)
)
.
(5.27)
E8 threshold corrections:
24ΛE8 =−
n− 12
6
(I(2)− 5I(1)− 144 Idkl)
+
n− 24
12
(
1
5
I(3)− 4I(2) + 13I(1) + 144 Idkl
)
+
n
12
(I(1)− 1008 Idkl)− 1
2
(
1
40
If(3)− 1
2
If (2)
)
.
(5.28)
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E7 threshold corrections:
24ΛE7 =−
n− 12
6
(I(2)− 5I(1)− 144 Idkl)
+
n− 24
12
(
1
5
I(3)− 4I(2) + 13I(1) + 144 Idkl
)
+
n
12
(I(1) + 720 Idkl)− 1
2
(
1
40
If (3)− 1
2
If (2)
)
.
(5.29)
5.2 A simple subclass of models
The Fourier series expansion that we have obtained above is not easy to analyse,
in particular because the two-torus metric and the intersection form on the base
dij =
∫
S
ωi ∧ ωj are intertwined in a non trivial way in the momentum insertion∫ 〈pl, pω〉2. In order to unveil the role of the worldsheet instantons, we consider
below a subclass of models that, although not really special from the physical point
of view, allow to present the results in a much simpler way.
Noticing that the interpretation in terms of worldsheet instantons does not de-
pend on the precise moduli of the torus fiber, let us consider for convenience examples
in which the momentum insertion
∫ 〈pl, pω〉2 is proportional to 〈pl, pl〉 := p2l, namely
the case where:
f(pl, ω) = (n− 24)
(
p2l −
1
2πτ2
)
, (5.30)
where the proportionality constant in front of the p2l term is fixed by modularity, and
where one made use of the tadpole condition eq. (2.8). It amounts to a particular
relation between the torus metric and the intersection form dij, see appendix D.
For definiteness let us consider the gravitational threshold corrections corre-
sponding to such a setting. As discussed previously, it is written:
24Λgrav =
∫
F
dν τ2
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2r×
×
{
− n
12
Eˆ2E4E6
∆
+
n− 24
12
Eˆ22E
2
4
∆
− f(pl, ω)
2
Eˆ2E
2
4
∆
}
, (5.31)
with dν = dτ1dτ2/τ
2
2 the modular invariant measure. Let us focus on the last term
and exploit eq. (5.30). Once again, we denote by Λ2,2 the partition function associated
with the Narain lattice Γ2,2(T, U), including a factor τ2 making it modular invariant
by itself. As a preliminary step, notice that:
(n− 24)(D0Λ2,2) = −τ2
∑
µ,pl,pr
f(pl, ω) q
1
2
p2l q¯
1
2
p2r , (5.32)
with D0 the modular covariant derivative as defined in eq. (A.6). This allows to
reexpress the last term in eq. (5.31) simply as:
n− 24
2
∫
dν (D0Λ2,2)
Eˆ2E
2
4
∆
. (5.33)
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Using eq. (A.7), an integration by part then leads to:
− n− 24
2
∫
dν Λ2,2D−2
(
Eˆ2E
2
4
∆
)
. (5.34)
Exploiting again eq. (A.7), one computes:
D−2
(
Eˆ2E
2
4
∆
)
=
1
6
E34
∆
+
4
3
Eˆ2E4E6
∆
+
1
2
Eˆ22E
2
4
∆
. (5.35)
Plugging this result into eq. (5.31), one obtains finally:
24Λgrav =
∫
F
dν Λ2,2
(
−3n− 64
4
Eˆ2E4E6
∆
− n− 24
6
Eˆ22E
2
4
∆
− n− 24
12
E34
∆
)
. (5.36)
Using the decompositions in terms of Niebur-Poincare´ series, one finally obtains:
24Λgrav =
∫
F
dν Λ2,2
(
−n− 24
30
F(3, 1, 0)− n
12
F(2, 1, 0)+
+
3n− 52
2
F(1, 1, 0) + 24(n− 12)
)
,
(5.37)
which can be written in terms of eq. (5.4) as:
24Λgrav = −n− 24
30
I(3)− n
12
I(2) + 3n− 52
2
I(1) + 24(n− 12) Idkl . (5.38)
Let us split the result into positive, negative and zero-frequency parts:
Λgrav = Λ
(−)
grav + Λ
(0)
grav + Λ
(+)
grav , (5.39)
that will be given separately below.
Zero-frequency mode
It turns out that one can have a very explicit expression for the zero mode part of
the above expression in terms of real analytic Eisenstein series, defined by:
E(z, ρ) :=
1
2
∑
(m,n)=1
Im(z)ρ
|m+ zn|2ρ . (5.40)
The zero-frequency mode of the gravitational threshold correction in the above
example is then given by:
Λ(0)grav =
π
90T 22
{
15(3n− 52)T 22 E(U, 1)− 5nT2 E(U, 2)− 12(n− 24)E(U, 3)
}
+ (n− 12) Idkl .
(5.41)
In the K3× T 2 case, it reduces to:
Λ(0)grav =
2π
3
{
5E(U, 1)− 2T−12 E(U, 2)
}
+ 12 Idkl . (5.42)
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Positive frequency part
The positive frequency part can also be written explicitely in terms of the Niebur-
Poincare´ series themselves, cf. eq. (5.7):
Λ(+)grav =
1
30× 24
∑
M>0
e2iπMT1
M
{
30(3n− 52)W1,0(MT2)F(1,M, 0;U)
− 5nW2,0(MT2)F(2,M, 0;U)− 2(n− 24)W3,0(MT2)F(3,M, 0;U)
}
,
(5.43)
which reduces for K3× T 2 to:
Λ(+)grav =
1
6
∑
M>0
e2iπMT1
M
{
5W1,0(MT2)F(1,M, 0;U)−W2,0(MT2)F(2,M, 0;U)
}
.
(5.44)
Given thatW1+ℓ,0(MT2) ∼ (MT2)−ℓe−2πMT2× (polynomial in MT2), one has in both
cases a sum over M ∈ Z>0 which represents the sum over the wrapping number of a
worldsheet instanton around the two-torus fiber of the principal bundle T 2 →֒ M π→
S, which is of volume T2.
Even though for n < 24 the torus fiber is only a torsional two-cycle, it appears
that worldsheet instantons, corresponding to holomorphic maps from the heterotic
worldsheet to M wrapping the fiber, do contribute to the threshold corrections, for
any wrapping number.
Would we have decided to work with the Spin(32)/Z2 heterotic string, this dis-
cussion should also be considered in the context of type I flux compactifications via
S-duality [3]. Then, the heterotic thresholds encompass both the spacetime pertur-
bative and non-perturbative effects on the type I side, the latter corresponding to
Euclidean D1-branes wrapping the torus fiber.
6 Conclusion
In this work, we have computed the one-loop threshold corrections to the gauge and
gravitational couplings in a large class of N = 2 heterotic compactifications on non-
Ka¨hler manifolds with three-form flux. We have obtained the result from the new
supersymmetric index that was computed in [10, 11].
The results were first given in terms of Niebur-Poincare´ series, exhibiting invari-
ance under perturbative O(2, 2;Z) dualities, and second as a Fourier series expansion,
allowing to isolate the contributions of the worldsheet instantons wrapping the two-
torus fiber of the principal bundle.
By S-duality our results apply to D-instanton corrections in some Ramond-
Ramond backgrounds. A better understanding of the physics behind these instanton
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corrections would involve then studying D1-instanton probes in these flux back-
grounds of type I supergravity. We plan to come back to this problem in the near
future.3
A generalization of our results to models with Abelian gauge bundle over the total
space is also worthwile considering, given that the new supersymmetric index has also
been computed in those cases [11]. These examples are especially important from
the four-dimensional effective field-theory perspective, as the threshold corrections
will then be functions of the bundle moduli, while the torus moduli are frozen to
discrete values for a generic choice of torus principal bundle.
It would be very interesting to consider compactifications with torsion with re-
duced or without supersymmetry, that can be obtained as freely orbifolds of the
N = 2 models [6] and investigate whether, as for K3 × T 2 models [39], one obtains
a universal behavior.
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A Theta functions, modular covariant derivative and hyper-
geometric functions
We define the odd Jacobi theta function and the Dedekind eta function by the
following infinite products:
θ(τ, z) := −i q 18 y 12
∞∏
n=1
(1− qn) (1− yqn) (1− y−1qn−1) . (A.1a)
η(τ) := q
1
24
∞∏
n=1
(1− qn) , (A.1b)
with q := exp(2iπτ) and y := exp(2iπz). The discriminant modular form is given in
terms of the Dedekind eta function by:
∆(τ) := η(τ)24 . (A.2)
Given an even integral lattice Γ, whose pairing we denote:
〈·, ·〉 : Γ× Γ→ Z , (A.3)
3In [38] heterotic five-branes wrapping the torus fiber have been studied. However the physics
is not the same because the coupling to the NS-NS flux is different.
– 25 –
and an element µ ∈ Γ⋆/Γ in its discriminant group, we define its associated theta-
function with characteristic µ as a refined generated function:
ΘΓµ : H× (Γ⊗C)→ C
(τ, z) 7→
∑
v∈Γ+µ
eiπ(〈v,v〉τ+2〈v,z〉) . (A.4)
Let us recall the definition of the SL2(Z) normalized Eisenstein series of weight 2w:
E2w(τ) :=
1
2ζ(2w)
∑
(m,n)∈(Z∗)2
1
|m+ τn|2w . (A.5)
We define the following weight-2 modular covariant derivative acting on the space of
weight w modular forms:
Dw : Mw →Mw+2
f 7→
(
i
π
∂
∂τ
+
w
2πτ2
)
f .
(A.6)
Notice that this modular covariant derivative satisfies the Leibniz rule:
Dw+r(ψwφr) = (Dwψw)φr + ψwDr(φr) . (A.7)
We give two identities due to Ramanujan involving the Eisenstein series:
D4E4 =
2
3
(
E6 − Eˆ2E4
)
, (A.8a)
D6E6 = E
2
4 − Eˆ2E6 (A.8b)
The confluent hypergeometric function 1F1 (a; c; z) is defined by:
1F1 (a; c; z) :=
∞∑
n=0
(a)n
(c)n
zn
n!
, (A.9)
with (q)n the Pochhammer symbol, or rising factorial. The hypergeometric function
2F1 (a, b; c; z) is defined by:
2F1 (a, b; c; z) :=
∞∑
n=0
(a)n(b)n
(c)n
zn
n!
. (A.10)
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We give the expression of the hypergeometric function 2F1 for some specific values
of its arguments:
2F1(2, 4, 6, t
−1) = −10
3
t2
(
24t2 + 6(4t− 3)t2 log
(
t− 1
t
)
− 6t− 1
)
, (A.11a)
2F1(1, 3, 4, t
−1) = −3
2
t
(
2t2 log
(
t− 1
t
)
+ 2t + 1
)
, (A.11b)
2F1(2, 2, 4, t
−1) = −6t2
(
(2t− 1) log
(
t− 1
t
)
+ 2
)
, (A.11c)
2F1(1, 1, 2, t
−1) = −t log
(
t− 1
t
)
, (A.11d)
2F1(2, 3, 6, t
−1) = 10t2
(
12t2 + 6
(
2t2 − 3t+ 1) t log( t− 1
t
)
− 12t+ 1
)
, (A.11e)
2F1(1, 2, 4, t
−1) = 3t
(
2t+ 2(t− 1)t log
(
t− 1
t
)
− 1
)
, (A.11f)
2F1(3, 3, 6, t
−1) = −30t3
((
6t2 − 6t + 1) log( t− 1
t
)
+ 6t− 3
)
. (A.11g)
B Coefficients
In this appendix, we will determine the exact coefficients entering in the computation
of the Fourier expansion representation of the integral eq. (5.10):
If (s) :=
∫
F
dν F(s, 1,−2) τ2
∑
µ,pl,pr
q
1
2
p2l q¯
1
2
p2rf(pl, ω) , (B.1)
with quadratic momentum insertion:
f(pl, ω) = d˜ijp
i
lp
j
l −
n− 24
2πτ2
, (B.2)
with the metric d˜ defined in appendix D.
As mentioned in section 5.1, the first step in deriving the Fourier representation
is to first perform the integral over the Lagrange multiplier τ1 to impose the con-
straint on the lattice momenta, solve explicitely the constaint, and perform a suitable
Poisson resummation.
Let us now introduce some notation for the lattice. First, the Γ2,2(T, U) Narain
lattice elements can be written in a complex basis as
pL =
1√
U2T2
(
m2 − Um1 + T¯ (n1 + Un2)
)
pR =
1√
U2T2
(
m2 − Um1 + T (n1 + Un2)
)
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In complex notation the scalar product becomes
〈pL, p′L〉 =
1
2
(|pL + p′L|2 − |pL|2 − |pR|2) = Re (pLp¯′L) . (B.3)
The BPS constraint 1
4
(|pL|2 − |pR|2) = m1n1 +m2n2 = 1 is solved, for coprime
(n1, n2), as
m1 = m
⋆
1 + M˜n
2 , m2 = m
⋆
2 − M˜n1 , (B.4)
where m⋆1 is a modular inverse of n
1 modulo n2, and m⋆2 a modular inverse of n
2
modulo n1.
As mentioned in section 5.1, after solving the constraint on momenta as above,
one ends up with an expression of the following form:∑
M˜∈Z
e−πaM˜
2+2iπbM˜
(
cM˜2 + dM˜ + e
)
, (B.5)
to be Poisson resummed over the variable M˜ .
The Poisson resummation formula on Z:
∞∑
n=−∞
f(n) =
∞∑
k=−∞
f˜(k) , (B.6)
gives the following general formulae:∑
n∈Z
e−λn
2
=
√
π
λ
∑
k∈Z
e−π
2k2/λ ,
∑
n∈Z
n e−λn
2
= −i
√
π
λ
∑
k∈Z
πk
λ
e−π
2k2/λ ,
∑
n∈Z
n2 e−λn
2
=
√
π
λ
∑
k∈Z
(
1
2λ
− π
2k2
λ2
)
e−π
2k2/λ .
(B.7)
Using these results, one obtains the Poisson resummed expression:∑
M˜∈Z
e−πaM˜
2+2iπbM˜
(
cM˜2 + dM˜ + e
)
=
1√
a
∑
M∈Z
e−
π
a
(M−b)2
{(
1
2πa
−
(
b−M
a
)2)
c +
i(b−M)
a
d+ e
}
=
1√
a
∑
M∈Z
e−
π
a
(M−b)2
{(
1
2πa
c− b
2
a2
c+
ib
a
d+ e
)
+
1
a
(
2b
a
c− id
)
M − c
a2
M2
}
.
(B.8)
In order to determine the various coefficients (a, b, c, d, e), let us expand the left
momentum as
pL =
1√
U2T2

m⋆2 − Um⋆1 + T¯ (n1 + Un2)︸ ︷︷ ︸
P ⋆L
−M˜ (n1 + Un2)︸ ︷︷ ︸
Pˆ

 (B.9)
– 28 –
In the following one will consider the SL(2;Z) transformation related to the solution
of the BPS constraint:
U˜ =
m⋆1U −m⋆2
n1 + n2U
, (B.10)
implying in particular that:
U˜2 =
U2
|n1 + n2U |2 =
U2
|Pˆ |2 . (B.11)
We remark also that:
P ⋆L
Pˆ
= T¯ − U˜ (B.12)
Now we consider the vector of two-forms that appears in the insertion. Considering
a basis {̟ℓ} of Pic(S), we expand, in complex notation
pw =
√
T2
U2
(
N ℓ1 + UN
ℓ
2
)︸ ︷︷ ︸
Nℓ
̟ℓ , (B.13)
and introduce the intersection form dℓk =
∫
̟ℓ∧̟k. Notice that (N ℓ1, N ℓ2) transforms
as a doublet under SL(2;Z)U . From this one can compute the scalar products that
appear in the insertion. One obtains for the quadratic momentum insertion:
f(pl, ω) =
∫
S
〈pω, pl〉2 − 1
4πτ2
〈pω, pω〉
=
1
U˜22
{
dℓk Re
(
N˜ ℓ
(
T − ¯˜U − M˜
))
Re
(
N˜k
(
T − ¯˜U − M˜
))
− T2U˜2
4πτ2
dℓkRe
(
N˜ ℓN˜k
)}
(B.14)
Out of this expression one can first collect the term in M˜2, namely:
c =
dℓk
U˜22
Re
(
N˜ ℓ
)
Re
(
N˜k
)
, (B.15)
then term linear in M˜ , which reads (using the symmetry of the intersection form):
d = −2dℓk
U˜22
[
(T1 − U˜1) Re
(
N˜ ℓ
)
− (T2 + U˜2) Im
(
N˜ ℓ
)]
Re
(
N˜k
)
, (B.16)
and finally the constant term given by:
e =
dℓk
U˜22
[
(T1 − U˜1) Re
(
N˜ ℓ
)
− (T2 + U˜2) Im
(
N˜ ℓ
)]
×
×
[
(T1 − U˜1) Re
(
N˜k
)
− (T2 + U˜2) Im
(
N˜k
)]
− T2
4πτ2U˜2
dℓk Re
(
N˜ ℓN˜k
)
.
(B.17)
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We are now ready to consider the Poisson resummation of the result, organised in
powers of the dual variable M . In the exponential, we have:
exp
(
−πτ2
2
(|pL|2 + |pR|2)
)
= exp
(
− πτ2
U2T2
|P ⋆L − M˜Pˆ |2 + 2πτ2
)
= exp
(
− πτ2
U˜2T2
|T¯ − U˜ − M˜ |2 + 2πτ2
)
= exp
(
2πτ2 − πτ2
U˜2T2
|T¯ − U˜ |2
)
×
× exp
(
− πτ2
U˜2T2
M˜2 + 2iπM˜
iτ2
U˜2T2
(U˜1 − T1)
)
,
(B.18)
from which one can once again extract the coefficient of the quadratic and linear
terms in M˜ to obtain a and b. Adding up the terms quadratic, linear and constant
in the dual dummy variable M , one can finally read up the summand of the Poisson
resummed momentum insertion:√
U˜2T2
τ2
∑
M∈Z
{
− T
2
2
τ 22
dℓk
[
Re
(
N˜ ℓ
)
M − i τ2
U˜2T2
(T2 + U˜2) Im
(
N˜ ℓ
)]
×
×
[
Re
(
N˜k
)
M − i τ2
U˜2T2
(T2 + U˜2) Im
(
N˜k
)]
− T2
2πτ2U˜2
dℓk Im
(
N˜ ℓ
)
Im
(
N˜k
)}
×
× exp
{
−πU˜2T2
τ2
(
M − iτ2
U˜2T2
(U˜1 − T1)
)2
+ 2πτ2 − πτ2
U˜2T2
|T¯ − U˜ |2
}
,
(B.19)
to be used in section 5.
C Relevant functions for the Fourier series representation
In this appendix, we define various functions defined by an integral involving modified
Bessel functions, and relevant for the computation of the Fourier series representation
of the various threshold corrections in section 5. To obtain the expressions below,
one extensively makes use of the following Bessel functions identity:
2
d
dx
Cα(x) = Cα−1(x) + Cα+1(x) , (C.1)
where Cα denotes Iα or e
iπαKα.
Zero-frequency mode: Let us first define ∀(B,C, ν, n) ∈ C × R × C × N such
that Re(B) > C:
F (0)n,ν(B,C) := (−1)n
∂n
∂Bn
∫ ∞
0
dt
t
Iν(Ct) e
−Bt , (C.2)
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relevant for the computation of the zero mode component of the Fourier series ex-
pansion. Following Erdelyi, one can compute F
(0)
n,ν explicitely:
F
(0)
0,ν (B,C) =
Cν
(
B +
√
B2 − C2)−ν
ν
, (C.3a)
F
(0)
1,ν (B,C) =
Cν
(
B +
√
B2 − C2)−ν√
B2 − C2 , (C.3b)
F
(0)
2,ν (B,C) =
Cν
(
B +
√
B2 − C2)−ν (B + ν√B2 − C2)
(B2 − C2)3/2
. (C.3c)
Positive frequency modes: We also define ∀(A,B,C, ν, n) ∈ C2 ×R×C×N:
Fn,ν(A,B,C) := (−1)n ∂
n
∂Bn
∫ ∞
0
dt
t
Iν(Ct) e
−Bt−A/t , (C.4)
relevant for the computation of the positive frequency modes of the Fourier series
expansion. One then computes the following expressions:
F0,ν(A,B,C) = 2Iν(u−)Kν(u+) , (C.5a)
F1,ν(A,B,C) =
4A
u2− − u2+
(
u−Iν−1(u−)Kν(u+) + u+Iν(u−)Kν−1(u+)
)
, (C.5b)
F2,ν(A,B,C) =
8A2
u− (u2− − u2+)3
(
2u2−u+
(
u2− − u2+
)
Iν−1(u−)Kν−1(u+)
+ u−Iν−2(u−)
(
u4−Kν(u+)− 2(ν + 1)u2−u+Kν−1(u+)− u4+Kν−2(u+)
)
− 2u2+Iν−1(u−)
(
(ν + 1)u2− − (ν − 1)u2+
)
Kν−2(u+)
)
, (C.5c)
where we have introduced the following convenient combinations:
u± :=
√
A
(√
B + C ±√B − C
)
. (C.6)
D Generic momentum insertion
In section 5.2, we discussed a simple class of models for which the momentum inser-
tion takes a particularly simple form. In this short appendix, we want to understand
in more detail the constraint eq. (5.30).
The data of the compactification involves an even integral lattice Γl naturally
associated to the rational Narain lattice Γ2,2. In the following we denote this lattice
Γl simply Γ. One associates to this lattice the theta function Θ
Γ : H× (Γ⊗C)→ C:
ΘΓ(τ, z) =
∑
v∈Γ
eiπ(〈v,v〉+2〈v,z〉) , (D.1)
whose second argument lives in the complexification of the lattice Γ. More precisely,
the rational Narain lattice partition function involves such a theta function with an
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extra characteristic µ, namely the summation vector runs over the shifted lattice
Γ+µ, where µ belongs to the discriminant group Γ⋆/Γ. In our situation, we actually
have two lattices, Γ and Pic(S). The inner product on Γ is denoted 〈·, ·〉, and the
one on Pic(S) is defined via the composition:
(·, ·) : Γ× Γ→ Γ ∧ Γ
∫
S−→ Z , (D.2)
In our situation, the second argument of the theta function actually lives in a further
extension of the lattice Γ:
ΘΓ
(
τ,
pω
2iπ
)
=
∑
v∈Γ
eiπ〈v,v〉+〈v,pω〉 , (D.3)
with pω ∈ Γ ⊗ Pic(S) ⊗ C. Hence, denoting {ei} and {ǫa} a basis of Γ and Pic(S)
respectively, we have:
pω = ω
ia ei ⊗ ǫa , (D.4a)
v = vi ei , (D.4b)
with ωia ∈ C. The matrix (ωia) specifies the data of the torus fibration, and is fixed
once and for all for a given model. (ωia) should be viewed as connecting the two a
priori independent integral even lattices Γ and Pic(S). In the above function, 〈v, pω〉
should be understood as:
〈v, pω〉 := vigijωja ǫa , (D.5)
with g the metric on the lattice Γ, namely gij := 〈ei, ej〉, not to be confused with the
metric on the Narain lattice Γ2,2. We also define the metric d on the lattice Pic(S)
by:
dab := (ǫa, ǫb) =
∫
S
ǫa ∧ ǫb . (D.6)
Let us also define the pull-back metric:
d˜ij := ωiaωjb dab . (D.7)
Notice that we can define a natural inner product on Γ ⊗ Pic(S), which we denote
by a dot, in the following way: given two elements α = αia ei⊗ ǫa and β = βia ei⊗ ǫa,
we define:
α · β := gijdabαiaβjb . (D.8)
Let us look at the simplified case for which
∫
S
〈v, pω〉2 ∝ (n− 24)〈v, v〉, the (n− 24)
coefficient originating from the tadpole cancellation condition pω · pω = 2(n − 24).
Let us simply express the momentum insertion in terms of the lattice data in the
following way: ∫
S
〈v, pω〉2 = vivk gijgkld˜jl = d˜ikvivk . (D.9)
Therefore, we see that the insertion is proportional to (n − 24)〈v, v〉 if and only if
d˜ ∝ g.
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